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Abstract
We consider the problem of Bose condensation of charged pions in QCD at finite isospin chemical
potential µI using the O(4)-symmetric linear sigma model as an effective field theory for two-
flavor QCD. Using the 2PI 1/N-expansion, we determine the quasiparticle masses as well as
the pion and chiral condensates as a function of the temperature and isospin chemical potential
in the chiral limit and at the physical point. The calculations show that there is a competition
between the condensates. At T = 0, Bose condensation takes place for chemical potentials larger
than mpi. In the chiral limit, the chiral condensate vanishes for any finite value of µI .
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1. Introduction
Condensation of bosons occurs in various contexts of high-density QCD. In the color-
flavor-locked (CFL) phase of high-baryon density QCD, the SU(3)c×SU(3)L×SU(3)R×
U(1)B is broken down to SU(3)c+L+R and the breaking of the global symmetries gives
rise to (pesudo)-Goldstone bosons. The lightest of the excitations are expected to be
the neutral and charged kaons. If the chemical potentials are large enough and the tem-
perature low enough, the kaons will condense. Kaon condensation in the CFL phase is
discussed e.g. in Ref. [1] and also in the talk given by Andreas Schmitt at this confer-
ence [2].
Another interesting system in this context is QCD at finite isospin chemical potential
µI . If the isospin chemical potential is large enough and the temperature sufficiently low,
the charged pions will condense. In contrast to QCD at finite baryon chemical poten-
tial, QCD at finite isospin chemical potential is accessible on the lattice since there is
no fermion sign problem. Lattice simulations [3] indicate that there is a deconfinement
transition of pions at high temperature and low density, and Bose-Einstein condensa-
tion of charged pions at high isospin density and low temperature. Various aspects of
Preprint submitted to Elsevier 15 November 2018
pion condensation have been investigated using chiral perturbation theory [4], (Polyakov
loop)NJL models [5,6,7], and linear sigma models [6,8,9].
In this talk, I would like to present some results for Bose condensation of charged pions
using the linear sigma model as a low-energy effective for two-flavor QCD. The talk is
based on Refs. [8,9] and part of the work is done in collaboration with Tomas Brauner.
2. Interacting Bose gas and 2PI 1/N-expansion
The Euclidean Lagrangian for a Bose gas with N species of massive charged scalars is
L= (∂µΦ†i )(∂µΦi)−
H√
2
(
Φ1 +Φ
†
1
)
+m2Φ†iΦi +
λ
2N
(
Φ†iΦi
)2
, (1)
where i = 1, 2, ..., N and Φi = (φ2i−1 + iφ2i)/
√
2 is a complex field. A nonzero value
of H allows for explicit symmetry breaking and finite pion masses in the vacuum. The
incorporation of a conserved charge Qi is done by making the substitution ∂0Φi →
(∂0 − µi)Φi in the Lagrangian (1). We introduce nonzero expectation values φ0 and ρ for
φ1 and φ2, respectively, to allow for a chiral condensate and a charged pion condensate.
We then write the complex field Φ1 as Φ1 =
1√
2
(φ0 + iρ0 + φ1 + iφ2), where φ1 and φ2
are quantum fields. The inverse tree-level propagator D−10 reads
D−10 =

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, (2)
where p = |p|, ωn = 2npiT is the nth Matsubara frequency, and the treel-level masses are
m21 = m
2 +
3λ
2N
φ20 +
λ
2N
ρ20 , m
2
2 = −µ2I +m2 +
λ
2N
φ20 +
3λ
2N
ρ20 , (3)
m23 = −µ2I +m2 +
λ
2N
φ20 +
λ
2N
ρ20 , m
2
4 = m
2 +
λ
2N
φ20 +
λ
2N
ρ20 . (4)
We have introduced a chemical potential µI for the third component of the isospin charge,
which corresponds to the current density jµ ∼ φ2∂µφ3 − φ3∂µφ2. For nonzero µI , the
charged pions pi± are linear combinations of φ2 and φ3.
After symmetry breaking, the 2PI effective potential can be written as
Γ[φ0, ρ0, D] =
1
2
m2
(
φ20 + ρ
2
0
)
+
λ
8N
(
φ20 + ρ
2
0
)2 − 1
2
µ2Iρ
2
0 −Hφ0 +
1
2
Tr lnD−1
+
1
2
TrD−10 D +Φ[D] , (5)
where D is the exact propagator and Φ[D] is the sum of all two-particle irreducible
vacuum diagrams. The contributions to Φ[D] can be classified according to which order
in 1/N they contribute. The leading-order contribution is the double-bubble diagram
where the 2N − 3 particles with tree-level masses m4 are propagating in the loops.
2
The self-energy in the large-N limit, ΠLO, is given by the tadpole diagram and is
independent of momentum. The inverse propagator can then be written as D−1 = p2 +
ω2n+m
2
4+ΠLO. The term m
2
4+ΠLO is thus a local mass term, which we denote by M
2.
The exact propagator D satisfies the equation δΓ/δD = 0. In the present case, it reduces
to a local gap equation for M2:
M2 =m24 + λT
∑
ωn=2pinT
∫
p
ddq
(2pi)d
1
ω2n + q
2 +M2
. (6)
The fields φ0 and ρ0 satisfy the stationarity conditions δΓ/δφ0 = 0 and δΓ/δρ0 = 0, i.e.
0 =m2φ0 −H + λ
2N
φ0
(
φ20 + ρ
2
0
)
+ λφ0T
∑
ωn
∫
p
ddq
(2pi)d
1
ω2n + q
2 +M2
, (7)
0 =
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m2 − µ2I
)
ρ0 +
λ
2N
ρ0
(
φ20 + ρ
2
0
)
+ λρ0T
∑
ωn
∫
p
ddq
(2pi)d
1
ω2n + q
2 +M2
. (8)
The gap equations require renormalization and details can be found in e.g. [8]. The
diagrammatic interpretation of the gap equations is that they sum up all daisy and
superdaisy diagrams. The value of M is found by solving the renormalized versions of
the equations (6), (7), and (8). The quasiparticle masses are then found by solving the
equation detD(ω, p = 0) = 0, where the full propagator is obtained from the tree-level
propagator Eq. (2) by the replacement m2i →M2i = m2i +ΠLO.
3. Results
In Fig. 1, we show the quasiparticle masses as a function of isospin chemical potential
for T = 0 and at the physical point. The three pions are degenerate in the vacuum
(µI = 0) and two of them become degenerate in the limit µI →∞. Also notice that pi+
becomes massless at the the critical value of µI = µ
c
I = mpi = 139 MeV, which signals
the onset of Bose condensation. This is a Goldstone bosons arising from the breaking of
the O(2)-symmetry. In Fig. 1, we also show the pion condensate as a function of T and
µI . Notice the onset of Bose condensation for µI = mpi at T = 0. The phase transition
is of second order in accordance with universality arguments.
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Fig. 1. Left: quasiparticle masses at T = 0 at the physical point as a function of µI . Right: pion condensate
at the physical point as a function of T and µI .
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4. Summary and outlook
In this talk I have presented some results for Bose-Einstein condenstion of charged
pions in QCD at finite isospin chemical potential. Using the 2PI 1/N -expansion, I have
calculated the quasiparticle masses as well as the chiral condensate and the pion conden-
sate as a function of T and µI . Our large-N approximation is of mean-field type and one
would like to go beyond mean-field theory by including the next-to-leading order in the
1/N -expansion. The appearance of massless excitations is in accordance with Goldstone’s
theorem, which is respected by the 2PI 1/N -expansion.
If Bose-condensation takes place in a star, the system must be globally electric as well
color neutral, otherwise one has to pay an enormous energy penalty. In the context of
kaon condensation, one would include electric charge neutrality by solving the equation
∂Γ/∂µQ = 0, where µQ is the electric chemical potential. The problem of kaon conden-
sation in the CFL phase was investigated in detail using an O(2)×O(2) effective scalar
in the Hartree approximation in the paper by Alford, Braby, and Schmitt [1], but with-
out adressing renormalization issues. Work in this direction is in progress [10]. See also
Ref. [11] for renormalization of the 2PI Hartree approximation.
Acknowledgments: Part of the work presented in this talk was done in collaboration
with Tomas Brauner. The author would like to thank the organizers of SEWM2008 for
a stimulating meeting.
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